Magnetic properties of two very-high-spin organic -conjugated polymers have been investigated theoretically by means of the many-body Green's function method with random phase approximation. The polymers are designed with a large density of cross-links and alternating connectivity of radical modules with unequal spin quantum numbers ͑S͒, macrocyclic S = 2 or 3, and cross-linking S =1/ 2 modules, which permit large net S values for either antiferromagnetic or ferromagnetic exchange coupling between the modules. The numerical results reveal that, ascribing to the zero-temperature spin fluctuations, the sublattice magnetizations of the two polymers are both smaller than their classical spin values and the ground-state magnetizations of them are also smaller than their predicted values in the antiferromagnetic exchange coupling case. However, these magnetic behaviors do not occur in the ferromagnetic exchange coupling case. On the basis of our synthesis of the temperature dependence of the magnetic susceptibility multiplied by temperature, and through comparing the theoretical results with the experimental measurements, it is concluded that the magnetic exchange couplings between the modules within the two high-spin polymers should be ferromagnetic exchange couplings, which are consistent with other theoretical results drawn from the investigations into the ground-state properties of the two organic polymers.
I. INTRODUCTION
After the first discovery of a high-spin ground state in dicarbene, 1,2 the design and preparation of high-spin organic molecules for use in organic molecule-based ferromagnets have attracted much attention. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] From a theoretical point of view, in order to obtain very-high-spin state in organic molecules, the two strategies of design particularly have been generally concentrated on. In most cases, one aims at strong couplings between unpaired electrons through the exchange interaction, which is needed to attain a magnetic ordering for the unpaired electrons and to preserve this magnetic ordering at room temperature. Based on the couplings between s and p orbitals, many ferro-and ferrimagnets, such as the crystalline solids of small radicals ͑nitroxides especially͒ or chargetransfer salts, have been synthesized experimentally. [13] [14] [15] [16] [17] [18] Another alternative approach to high-spin organic magnets may be based on -conjugated polymers, as envisioned by Mataga in 1968 . 12 Compared with the through-space interactions ͑between s and p orbitals͒ in molecular solids of organic radicals, the exchange interaction between unpaired electrons through a -conjugated system is expected to be stronger, which makes it better in preserving the magnetic ordering at or above room temperature. 19 Owing to this good quality, the molecular design of very-high-spin -conjugated polyradical molecules and polymers has been attracted a lot of interest from chemical experimentalists in recent years. [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] In past decades, although significant progress has been made in the preparation of -conjugated oligomers and polymers with large values of spin quantum number S, organic polymer magnets have remained elusive, in particular, the spin quantum number S is less than 4. 31, 32 The structural defects in these polymers can break the radical coupling paths and reduce the whole system into weakly coupled smaller groups, each with a very small magnetic moment. Nevertheless, it should be stressed that a breakthrough work on experiment is achieved by Rajca et al., 33, 34 who successfully synthesized a series of polyarylmethyl polymers with very large magnetic moments ͑spin quantum number S can be as high as 5000͒. Their carefully designed polymers are believed to supply a network with multiple coupling channels between the radical centers, thus suppressing the structural defect effect. This presents a new idea to realize a veryhigh-spin organic magnet.
At the same time, it is well established that the theoretical studies can be very helpful in understanding of the magnetic coupling mechanisms of these -conjugated polyradical molecules and many theoretical works have been devoted to this target. [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] Yamanaka et al. 50 gap between high-spin ground state and the lowest low-spin excited state to investigate the stability of the high-spin states. The high-level ab initio calculations can, in principle, provide the most reliable information, but due to their prohibitive computational cost, they are often not applicable to medium-to large-size molecules. Some theoreticians have resorted to computationally more feasible methods, such as the spin-unrestricted Hartree-Fock or density functional theory methods. In addition, Ma et al. adopted a more practical alternative method, valence bond calculations within the density matrix renormalization group framework to study the stability of these magnetic systems, [52] [53] [54] [55] [56] the valence bond theory can correctly predict the topological dependence of the ferromagnetic spin-coupling strength for a series of -conjugated organic radicals. Nevertheless, it should be pointed out that the past theoretical works mainly focused on the ground-state properties of the high-spin organic molecules or polymers. Under the circumstances, in the present paper, we will study the finite-temperature magnetic properties of some high-spin organic polyradical polymers to predict the magnetic exchange couplings by means of the manybody Green's function theory within the random phase approximation ͑RPA͒. 57, 58 The remainder of the paper is organized as follows. In Sec. II, the high-spin organic polymers and corresponding model Hamiltonian will be presented, and then some formulas for the magnetic properties will be derived. In Sec. III, the calculated results regarding the sublattice magnetizations and the magnetic susceptibilities multiplied by temperature will be shown, and some comparisons to the experimental measurements will be made. Finally, the main results will be summarized in the last section.
II. MODEL HAMILTONIAN AND COMPUTATIONAL METHOD
The two organic -conjugated polymers with very large magnetic moments that we consider are illustrated in the Figs. 1͑a͒ and 1͑b͒, which were synthesized by Rajca et al. 33, 34 Polymer ͑a͒ is designed with a large density of crosslinks and alternating connectivity of radical modules with unequal spin quantum numbers ͑S͒, i.e., high-spin macrocyclic and S =1/ 2 cross-linking modules. The high-spin macrocyclic modules are designed based upon calix͓4͔arenes and have been utilized as effective frameworks for high-spin polyradicals. 4, 24, 28 The macrocycle module is composed of four triphenylmethyl radicals. The every radical, which contains an unpaired electron, is connected with the next one in-chain to form cyclic cross-conjugated -phenylene through bond ferromagnetic exchange couplings, which are much stronger than the magnetic couplings between the macrocyclic and the crossing-linking modules. 28, 33, 49 Therefore, the tetraradical macrocyclic module possesses a high-spin quintet ͑S =2͒ ground state, with a large energy gap separating the S = 2 ground state from the S Ͻ 2 excited states. 59 Considering these situations, polymer ͑a͒ can be seen as a "quasilinear" diamondlike chain of unequal spins of S = 2 and S =1/ 2 as pointed out by Rajca et al. 33, 34 This high-spin diamondlike chain model permits the organic magnetic system large net S values for either ferromagnetic or antiferromagnetic exchange couplings between the modules. Polymer ͑b͒, which is composed of S = 3 macrocycles and cross-linking S =1/ 2 modules, may be viewed as a fragment of polymer ͑a͒. It was pointed out by Rajca et al. that, when the spin components are ferromagnetically coupled, polymers ͑a͒ and ͑b͒ will have 3n and 3.5n ground states, respectively; even in the worst case, when they are ferrimagnetically coupled, polymers ͑a͒ and ͑b͒ will still have S = n and 2.5n, respectively, 33, 34 where n is the repeating unit number. Considering their symmetrical structures of the magnetic exchange couplings, the two organic polymers could be both described as a high-spin diamondlike Heisenberg spin chain model theoretically, as shown in Fig. 1͑c͒ . [60] [61] [62] [63] The Hamiltonian of the model in the presence of an external magnetic field H can be written in the form
where S j and s j are the high-spin and low-spin operators at the jth site and S Ϯ = S x Ϯ iS y . N is the total number of spin repeating cells in the polymer chain as shown in Fig. 1͑c͒ . Throughout the present paper, we consider only the case when the external field H is along the z-axis direction, and for convenience, we set h = g B H. In the calculations, we FIG. 1. Two high-spin organic -conjugated polyradicals. Polymer ͑a͒ with antiferromagnetic or ferromagnetic exchange coupling between the macrocyclic S = 2 and two cross-linking S =1/ 2 modules. Polymer ͑b͒ is coupled with the macrocyclic S = 3 and cross-linking S =1/ 2 modules. ͑c͒ A Heisenberg diamondlike spin chain model is presented to describe polymers ͑a͒ and ͑b͒ theoretically.
will mainly focus on two particular cases, e.g., antiferromagnetic ͑J 1 and J 2 Ͼ 0͒ and ferromagnetic exchange coupling cases ͑J 1 and J 2 Ͻ 0͒.
The method we use is the many-body Green's function theory, which has long been applied to treat the Heisenberg exchange model. [60] [61] [62] [63] [64] The retarded Green's functions or double-time Green's functions are, according to Bogolyubov and Tyablikov, 65, 66 as follows:
where the subscripts i and j label lattice sites. Green's function is Fourier time transformed and then put into the equation of motion,
Then Green's function is further Fourier transformed in onedimensional real space,
The lower case letter k represents wavevector. The integration of the wavevector k is in one dimension. Now Green's function g is a function of wavevector k and frequency = ͑k͒. According to the well-known spectral theorem, the statistical average of the product of the operators can be calculated as
where ␤ =1/ ͑k B T͒, k B is being Boltzmann's constant, and T is the absolute temperature. The above formula helps us to calculate the magnetization of each sublattice. In our calculations, the RPA is employed. Considering that there are three sublattices in every repeating unit, the operator A in the above formula is taken as 
where P ͑k͒ is a parameter matrix as follows: To solve Eq. ͑6͒, one should first find the eigenvalues and the corresponding eigenvectors U v of the matrix P by solving the following equations:
͑9͒
The solution of Eq. ͑6͒ is expressed by
where U −1 is the inverse matrix of U. Employing the spectral theorem equation ͑5͒, one obtains 
Then the average magnetization in every repeating cell M tot and the magnetic susceptibility are defined as
The above equations can be solved self-consistently. In calculation, an initial state, composed by a set of magnetizations ͕͗S ␣ z ͖͘, is put into the equations to produce the resultant magnetization. The iteration goes on until convergence is reached.
III. NUMERICAL RESULTS AND DISCUSSIONS
It has been pointed out by Rajca et al. that the two polyradical polymers exhibit as large net S values for either antiferromagnetic or ferromagnetic exchange coupling between the modules. 33, 34 Under the circumstances, we will put our attention to two particular cases: antiferromagnetic and ferromagnetic exchange coupling cases as shown in Fig. 1 .
First, let us start our discussions with analysis of the sublattice magnetizations and magnetic susceptibilities for polymer ͑a͒. Considering the symmetrical exchange couplings in the practical polymer, we set J 1 = J 2 in the calculations. Figure 2͑a͒ manifests the temperature dependence of the sublattice magnetizations ͗S ␣ z ͘ ͑␣ =1,2,3͒ for the antiferromagnetic exchange coupling case as described in Fig. 1 , where the external magnetic fields are set as h = 0.002, 0.005, and 0.02͉J 1 ͉. From the figure, it is obvious that ͗S 1 z ͘ Ͼ 0 and ͗S 2 z ͘ = ͗S 3 z ͘ Ͻ 0, which is ascribed to the symmetrically antiferromagnetic exchange couplings J 1 and J 2 . At zero temperature and as the external field approaches to zero, the sublattice magnetizations ͗S 1 z ͘ = 1.49 and ͗S 2 z ͘ = −0.33, which are smaller than their classical values, e.g., ͉͗S ␣ z ͉͘ Ͻ S ␣ . Meanwhile, one can find that polymer ͑a͒ has an S = 0.83n ground state when they are ferrimagnetically coupled, which is obviously smaller than the value n predicted by Rajca et al. 33, 34 The occurrence of this magnetic behavior is attributed to the zero-point quantum fluctuations of the spins. In the present case of ferrimagnetism, the ground state of the magnetic system has all the negative energy states filled by magnons, 68, 69 and it is just this many-body effect that results in ͉͗S ␣ z ͉͘ Ͻ S ␣ . Under different external magnetic fields, all the magnetizations ͗S ␣ z ͘ decrease with increasing temperature k B T / ͉J 1 ͉, owing to the thermal motion. Nevertheless, the tendency to decrease in the sublattice magnetization becomes more flat on the higher external magnetic fields. The corresponding magnetic susceptibilities multiplied by temperature T as function of temperature are illustrated in Fig. 2͑b͒ under different external fields. From the figure, one can find that, when the external fields are much smaller ͑see the curves labeled as h = 0.002, 0.004, and 0.02 in Fig. 2͒ , the curves of the T display as a round peak at the lowtemperature region, and with increasing external magnetic fields, the maximum of the round peak is suppressed and shifts to high temperatures. The appearance of the round peak in the low-temperature region is attributed to the energy gap of the system opened by the external magnetic fields. In order to obtain the magnetic behaviors at the wholetemperature region, we should enhance the external magnetic fields. The corresponding numerical results are shown in the inset of Fig. 2͑b͒ . From the inset figure, it can be found that, at smaller external fields ͑h Ͻ 0.3͒, the initial sharp peaks in the product T curves still appear, and when the external fields increase, they are suppressed and shift to higher temperatures. Apart from the above characteristics, one can find that, as temperature increases, this product T value decreases and shows a minimum around k B T = 0.51͉J 1 ͉ before increasing again, and then increases to a limited value at high-temperature region. These magnetic behaviors are indicative of the occurrence of the ferrimagnetic ordering of a low-dimensional magnetic system. In stronger magnetic fields for h Ͼ 0.3, the behavior of T from zero temperature up to k B T = 1.5͉J 1 ͉ is qualitatively different. The minimum in those cases vanishes. The dependence of T above k B T = 1.5͉J 1 ͉ is almost the same in all cases. At very low temperature, the T product is nearly zero and increases linearly with temperature over the temperature range we have studied, which should be attributed to a switch in the ground state at this magnetic field strength.
The numerical results for polymer ͑a͒ with the ferromagnetic exchange couplings are shown in Fig. 3 . The temperature dependence of the sublattice magnetizations ͗S ␣ z ͘ in the different external fields are illustrated in Fig. 3͑a͒ . It is obvious that, when their spin components are ferromagnetically coupled, the sublattice magnetizations at zero temperature are as same as their classical values, e.g., ͗S ␣ z ͘ = S ␣ , indicating that there is no zero-point quantum fluctuation of the spins in this case. Thus polymer ͑a͒ has an S =3n ground state when they are ferromagnetically coupled, which is equal to the value predicted by Rajca et al. 33, 34 It is clear that the sublattice magnetizations decrease monotonically with increasing temperature as expected. The change in the external magnetic fields weakly affects the low-temperature behaviors of the magnetizations. This is ascribed to the fact that all of the spins in the system have ferromagnetic exchange couplings and there is no competition among these exchange couplings, which suggests that the ferromagnetic exchange couplings J 1   FIG. 2 . Magnetic properties of the high-spin organic polymer ͑a͒ for the ferrimagnetic exchange couplings case with J 1 = J 2 : ͑a͒ The sublattice magnetizations against temperature at the external fields h = 0.002, 0.005, and 0.02, and ͑b͒ the magnetic susceptibilities multiplied by temperature T against temperature. In the inset of ͑b͒ is the product T against temperature at stronger external magnetic fields.
and J 2 weaken the zero-point quantum fluctuation indirectly owing to the quantum correlations. Meanwhile, the corresponding magnetic susceptibilities multiplied by temperature T as function of temperature are illustrated in Fig. 3͑b͒ . The curves of the T also behave as a round peak at lowtemperature region. The round peaks are suppressed and shift to high temperatures with increasing external magnetic fields, which is also attributed to the energy gap of the system opened by the external fields. However, it should be pointed out that, at high-temperature region, the T values decrease with increasing temperature, but do not show as a minimum and upturnlike behavior, which is much different from that of the antiferrimagnetic coupling case discussed above. It should be stressed that the magnetic behaviors of the magnetic system with ferromagnetic exchange couplings are much more consistent with the experimental measurements for polymer ͑a͒. 33, 34 The experimental results are copied in the inset of Fig. 3͑b͒ , from which, one can find that, at low-temperature region, the curves of the T display as a round peak, and the peak is suppressed and moves toward high-temperature region, and then decreases to a limited value, just like our numerical results. So it can be believed that the magnetic exchange couplings along the high-spin polymer ͑a͒ should be or are dominated by the ferromagnetic ones. Meanwhile, from the analysis of the energy gap between the high-spin ground state and the lowest low-spin excited state computed by Ma et al., 52 it is also concluded that there exists very strong ferromagnetic exchange couplings in polymer ͑a͒, which is in agreement with our results drawn from the finite-temperature magnetic properties. Now, let us turn our attention to the magnetic properties of the high-spin polymer ͑b͒ in Fig. 1 . In polymer ͑b͒, the S = 3 component spins of the macrocycles are exchange coupled with the S =1/ 2 spins of the bis͑3,4Ј-biphenylene͒methyl linkers. 3 Similar to polymer ͑a͒, we have first presented the numerical results for the antiferromagnetic exchange coupling case, as shown in Fig. 4 . It is also clear that the sublattice magnetizations at zero temperature are smaller than their classical values, e.g., ͗S 1 z ͘ = 2.86 and ͗S 2 z ͘ = −0.39, thus polymer ͑b͒ has an S = 2.46n ground state when they are ferrimagnetically coupled, which is smaller than the value 2.5n predicted by Rajca et al. 33, 34 This is also attributed to the zero-point quantum fluctuations of the spins as discussed above. The temperature of the magnetic susceptibilities multiplied by temperature T still shows as a round peak at low-temperature region under low external magnetic fields and displays as a ferrimagnetic behavior as illustrated in the inset of Fig. 4͑b͒ . Nevertheless, the T max at high temperature is obviously larger than that of polymer ͑a͒ when they have equally ferrimagnetic exchange couplings, which is attributed to the fact that the spins in polymer ͑b͒ are much larger than those of polymer ͑a͒.
The numerical results of the high-spin polymer ͑b͒ for the ferromagnetic exchange couplings case are presented in Fig. 5 . Figure 5͑a͒ shows the temperature of the sublattice magnetizations at different external magnetic fields. Obviously, there is no occurrence of the zero-temperature quantum fluctuations owing to the ferromagnetic quantum correlations, which leads to the fact that polymer ͑b͒ has an S = 3.5n ground state, which is equal to the value predicted by Rajca et al. 33, 34 Figure 5͑b͒ shows the temperature dependence of the product T of the high-spin polymer ͑b͒ for the ferromagnetic coupling case at the different external magnetic fields. It is obvious that, at low-temperature region, the curves of the product T display as a round peak, and with increasing external fields, the round peak is suppressed and shifts to high temperatures. At high-temperature region, the T value decreases to a limited value. These magnetic properties are also much more consistent with the experimental measurements for polymer ͑b͒, 3 the experimental results are also copied in the inset of Fig. 5͑b͒ . So it is concluded that the magnetic exchange couplings in the high-spin polymer ͑b͒ should be or are dominated by the ferromagnetic ones.
It should be stressed that, from the calculated results, when the two polymers have equally ferromagnetic exchange couplings within them, the limited value of the product T for polymer ͑a͒ in high temperature is smaller than that of polymer ͑b͒. This may be related to the newly formed macrocycles in polymer ͑b͒, which provides multiple spinexchange coupling paths. Therefore, polymer ͑a͒ should have lower spin than that of the polymer ͑b͒. It is consistent with the experimental observations that the polymers ͑a͒ and ͑b͒ possess average values of S Ϸ 18 and S Ϸ 40, respectively. 3 When polymerization is stopped near the gel point, the polymer ͑b͒ has values of S = 600-1500; for a longer polymerization time, values of S = 3000-7000 are obtained.
IV. CONCLUSIONS
The finite-temperature magnetic properties of two very high-spin organic -conjugated polymers for both ferrimagnetic and ferromagnetic exchange coupling cases were investigated by means of the many-body Green's function theory. Owing to the zero-temperature quantum fluctuations of the spins of the magnetic systems, the sublattice magnetizations of the two high-spin polymers at zero temperature are smaller than their classical values in the antiferromagnetic exchange couplings case. However, this magnetic behavior does not occur in the ferromagnetic exchange couplings case. Meanwhile, just owing to these quantum fluctuations of the antiferromagnetically coupled spins, polymers ͑a͒ and ͑b͒ have S = 0.83n and 2.46n ground states, respectively, which are smaller than the values n and 2.5n predicted by Rajca et al. Nevertheless, when they are ferromagnetically coupled, polymers ͑a͒ and ͑b͒ have 3n and 3.5n ground states, respectively, which are equal to the values predicted by Rajca et al. Comparing the numerical results with the experimental observations, it is concluded that the magnetic exchange couplings along the both high-spin organic polymers should be or are dominated by the ferromagnetic ones, which are in agreement with other theoretical results drawn from the ground-state properties of the two organic polymers. Meanwhile, the limited value of the T for the polymer ͑a͒ at high-temperature region is smaller than that of polymer ͑b͒, indicating that the spin values in polymer ͑a͒ are smaller that of polymer ͑b͒, which is also consistent with the experimental observations. FIG. 5 . Magnetic properties of the high-spin organic polymer ͑b͒ for the ferromagnetic exchange coupling case with J 2 =0: ͑a͒ the sublattice magnetizations against temperature at the external magnetic fields h = 0.002, 0.007, and 0.02, and ͑b͒ the magnetic susceptibilities multiplied by temperature T against temperature. In the inset of ͑b͒ are the experimental results for polymer ͑b͒ from Ref. 3 .
